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We investigate the Markovian and non-Markovian dynamics of Gaussian quantum channels, ex-
ploiting a recently introduced necessary and sufficient criterion and the ensuing measure of non-
Markovianity based on the violation of the divisibility property of the dynamical map. We compare
the paradigmatic instances of Quantum Brownian motion (QBM) and Pure Damping (PD) chan-
nels, and for the former we find that the exact dynamical evolution is always non-Markovian in the
finite-time as well as in the asymptotic regimes, for any nonvanishing value of the non-Markovianity
parameter. If one resorts to the rotating wave approximated (RWA) form of the QBM, that neglects
the anomalous diffusion contribution to the system dynamics, we show that such approximation fails
to detect the non-Markovian nature of the dynamics. Finally, for the exact dynamics of the QBM
in the asymptotic regime, we show that the quantifiers of non-Markovianity based on the distin-
guishability between quantum states fail to detect the non-Markovian nature of the dynamics.
PACS numbers: 03.67.Hk, 42.50.Pq
I. INTRODUCTION
Memory effects in the dynamics of open quantum sys-
tems play a crucial role in various physical phenomena,
from quantum biology [1–3] to quantum cryptography [4],
quantum metrology [5], and quantum control [6]. In
the context of continuous variable (CV) systems, it has
been shown that non-Markovianity of the dynamics can
be usefully exploited for the enhancement of quantum
teleportation protocols [7] and quantum cryptography
tasks [4]. Consequently, great effort has been devoted
to qualify and quantify the non-Markovianity content in
the dynamics of open quantum systems (see [8, 9] for re-
cent reviews). For the infinite-dimensional case and CV
systems, important progress has been achieved in recent
years, with the introduction of necessary and sufficient
criteria for the non-Markovianity of Gaussian channels
and non-Markovianity witnesses [10–13].
Gaussian channels play a key role in the description
of the open dynamics of quantum optical system [14].
As such, it is important to characterize their non-
Markovianity properties, possibly investigating their ex-
act dynamics both in the finite and asymptotic time
regimes. Recently, we have introduced a necessary and
sufficient criterion and a measure of non-Markovianity of
bosonic Gaussian channels that are based on the violation
of the divisibility property of the dynamical map [10].
The measure has been applied to characterize the non-
Markovianity of the time evolution within the rotating
wave (RWA) approximation, that is typically employed
∗ Corresponding author: filluminati@unisa.it
in the description of the system dynamics in the weak
coupling limit.
On the other hand, it is known that these approxima-
tions, for instance in the case of the spin-boson model,
fail to detect the non-Markovianity of the dynamics [15].
Since a properly defined quantifier of non-Markovianity
would allow to assess whether and to what extent these
approximations describe the time evolution correctly, it
is important to investigate the exact dynamics of Gaus-
sian channels in the general case, making no approxi-
mations except the weak coupling limit assumption that
preserves the form of the master equation for the dynam-
ical map. Aiming then at an exact characterization of the
non-Markovianity of the dynamics, the violation of the
divisibility condition of the dynamical map plays a cru-
cial role. Indeed, as shown in Ref. [12], both theoretically
and experimentally, there is a close connection between
the violation of the divisibility of the dynamical map and
the structure of the system-environment interaction.
In the present paper we investigate the non-
Markovianity of bosonic Gaussian channels in general
terms for the exact channel dynamics without approx-
imations, and we show that it persists even when the
output state of the system evolving in the channel is
independent of the input, i.e., when the system un-
dergoes thermalization. Indeed, the characteristic time
scales that rule the dynamics play a central role in de-
termining the asymptotic state of the system. Further-
more, we show that the usual approximations consid-
ered in describing the evolution fail to detect the non-
Markovianity of the dynamics correctly, and therefore
one needs to consider always the full form of the mas-
ter equation. Finally we show that, in the asymptotic
regime, non-Markovianity cannot be detected by the
other usual approach based on the non-monotonic behav-
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2ior of the distance between states evolving in the chan-
nel [16]. The ”state-dependent” characterization of the
non-Markovianity of the dynamics must thus be com-
plemented by the ”channel-dependent” characterization
based on the violation of the divisibility property of the
dynamical map.
The paper is organized as follows. In Sec. II we re-
view the basic formalism that describes a Gaussian quan-
tum channel, namely a map that sends Gaussian states
into Gaussian states, and the, properly normalized, non-
Markovianity measure introduced in [10]. In Sec. III we
review the Quantum Brownian Motion (QBM) and the
pure damping (PD) channels. In Sec. IV we obtain the
explicit expression of the non-Markovianity measure for
the QBM channel and show that, due to the structure of
the master equation, it is nonvanishing for the entire evo-
lution, regardless of the system-environment interaction,
at variance with the case of the PD channel. Finally,
we show that the RWA usually considered in character-
izing the system-environment interaction is not capable
to capture the non-Markovian property of the dynamics,
and therefore is not suitable for a correct description of
the dynamics. Conclusions and outlook are summarized
in Sec. V, together with a comparison between our ap-
proach and the one based on the non-monotonicity of the
distance between states. In Appendix A, we provide a
self-contained review of the QBM channel, together with
the asymptotic expressions of the master equation coef-
ficients. Finally, in the technical Appendix B we provide
the detailed calculation of the non-Markovianity measure
for the QBM channel.
II. NON-MARKOVIANITY OF GAUSSIAN
CHANNELS: CONDITIONS AND MEASURES
In this Section we briefly review the basic mathemat-
ical formalism for the description of bosonic Gaussian
channels, and the non-Markovianity measure introduced
in [10].
We start by recalling [17–19] that a state ρ of a CV
system with N Bosonic modes admits a representation
in terms of the characteristic function:
χ(ρ)[Λ] = Tr[ρD(Λ)] , (1)
where D(Λ) = exp[iRᵀΩΛ] is the displacement operator,
Ω =
N⊕
k=1
(
0 1
−1 0
)
is the symplectic matrix, R = (xˆ1, pˆ1, . . . , xˆN , pˆN )
ᵀ,
where xˆi, pˆi, i = 1, . . . N , are the quadrature operators,
and Λ = (x1, p1, . . . , xN , pN )
ᵀ is the coordinate vector. A
state is Gaussian if, by definition, has a Gaussian char-
acteristic function. As a consequence it can be uniquely
characterized by its first order moments (namely the dis-
placement vector) and its covariance matrix σ.
An N -mode Gaussian quantum channel is a map that
preserves the Gaussian form of a Gaussian input state.
Its action can be characterized by the following transfor-
mation on the covariance matrix of the input state [14]:
σ(t) = X(t)σ(0)X(t)ᵀ + Y (t) , (2)
namely through the two 2N × 2N real matrices (X,Y ).
The non-Markovianity of the dynamics can be assessed
through the violation of the divisibility condition of the
intermediate dynamics. This approach has been intro-
duced by Rivas, Huelga, and Plenio for finite dimen-
sional systems in Ref. [20], and subsequently extended
to CV Gaussian channels by Torre, Roga, and Illumi-
nati in Ref. [10]. Considering the system evolution from
time t0 to t2, described by the following family of trace-
preserving linear maps {Φ(t2, t0), t2 ≥ t0 ≥ 0}, the inter-
mediate dynamics for every time t1, with t2 ≥ t1 ≥ t0,
can be expressed as Φ(t2, t1) = Φ(t2, t0)Φ
−1(t1, t0). The
evolution is non-Markovian if and only if Φ(t2, t1) fails
to be completely positive. For ease of notation, we set
t0 = 0, t1 = t and t2 = t+, for any instance of t and . It
has been shown that violation of the divisibility property
for Gaussian channels is expressed by the condition [10]:
Z(t+, t)
.
= Y (t+, t)− i
2
Ω+
i
2
X(t+, t)ΩXᵀ(t+, t) < 0,
(3)
i.e. the non positivity of the Z(t + , t) matrix, where
Y (t+ , t) and X(t+ , t) are the matrices that define the
intermediate dynamics:
X(t+ , t)=X(t+ , 0)X−1(t, 0) , (4)
Y (t+ , t)=Y (t+ , 0)−X(t+ , t)Y (t, 0)Xᵀ(t+ , t) .
(5)
The non-Markovianity of the time evolution can then be
quantified by the extent to which the Z matrix in Eq. (3)
fails to be positive. For an N -mode Gaussian channel,
an immediate choice of the measure is then the punctual
non-Markovianity Np that quantifies the degree of non-
Markovianity at a specific given time t ∈ [0,∞) [10]:
Np(t) .= lim
→0+
µ[Z(t+ , t)]
ν[Z(t+ , t)]
, (6)
where µ[Z(t + , t)] and ν[Z(t + , t)] are, respectively,
the negative part of the spectrum and the sum of the
absolute values of the eigenvalues of the 2N -dimensional
matrix Z(t+ , t):
µ[Z(t+ , t)] =
1
2
2N∑
i=1
(
|λi(t+ , t)| − λi(t+ , t)
)
, (7)
ν[Z(t+ , t)] =
2N∑
i=1
|λi(t+ , t)| . (8)
From these definitions it follows that the punctual non-
Markovianity Eq. (6) is positive semi-definite (Np(t) ≥
30), being zero if and only if the negative part of the
spectrum is zero (µ[Z(t + , t)] = 0), corresponding to
the Markovian case. Furthermore it is normalized in
the unit interval (0 ≤ Np(t) ≤ 1), with maximal non-
Markovianity Np(t) = 1 corresponding to an entirely
negative spectrum of the Z matrix.
III. QUANTUM BROWNIAN MOTION AND
PURE DAMPING CHANNELS
In this Section we review the two paradigmatic Gaus-
sian quantum channels, the Quantum Brownian Motion
(QBM) and the Pure Damping (PD) channels, whose
non-Markovianity will be investigated in the following
sections. We will see that the interplay between damp-
ing and diffusion effects is of fundamental importance
in characterizing the non-Markovianity of the exact dy-
namics, especially in the asymptotic regime, for different
system-environment interaction models.
A. Quantum Brownian Motion
The QBM Gaussian channel describes the evolution of
a quantum harmonic oscillator of frequency ω0 in inter-
action with N independent bosonic quantum oscillators
that constitute the environment. The associated exact
master equation reads [21–23]:
ρ˙(t) =−i[H0(t), ρ(t)]−iγ(t)[xˆ, {pˆ, ρ(t)}]+
−∆(t)[xˆ, [xˆ, ρ(t)]] +Π(t)[xˆ, [pˆ, ρ(t)]] . (9)
Here, H0(t) is the free Hamiltonian of the system, γ(t) is
the damping coefficient, ∆(t) and Π(t) are, respectively,
the direct and anomalous diffusion coefficients, and xˆ and
pˆ are the quadrature operators. Details can be found in
Appendix A.
In the rotating wave (RWA) and secular approxima-
tions, one neglects the effects due to fast oscillations, i.e.
the last term in the r.h.s. of Eq. (9). Resorting to the
interaction picture, the master equation in the RWA and
secular approximation reads:
ρ˙ =
∆(t) + γ(t)
2
[2aρa† − a†aρ− ρa†a]+
+
∆(t)− γ(t)
2
[2a†ρa− aa†ρ− ρaa†], (10)
where a and a† are the Bosonic annihilation and creation
operators.
B. Pure Damping channel
The pure damping (PD) channel is described by the
following phenomenological master equation:
ρ˙ =
γ(t)
2
[2aρa† − a†aρ− ρa†a] , (11)
which is a particular case of the approximate master
equation Eq. (10) when |∆(t)− γ(t)|  |∆(t) + γ(t)|.
C. System-environment interaction
The explicit solution of Eq. (9), Eq. (10), and Eq. (11),
for a fixed initial state, can be obtained once the system-
environment coupling, i.e. the spectral density, has been
assigned (see Appendix A for details). In the following
we will consider the Ohmic-like class of spectral density
distributions:
Js(ω) =
(
ω
ωc
)s
e−
ω
ωc , (12)
where ωc is the cut-off frequency of the bath and s is a
parameter characterizing the system-environment inter-
action. The case s = 1 corresponds to the Ohmic dis-
tribution (i.e. a linear dependence on the frequency for
ω  ωc). For s < 1 the spectrum is known as sub-Ohmic,
for s > 1 is known as super-Ohmic.
We have investigated the s = 1 (Ohmic) case and,
respectively, the cases s = 1/2 and s = 3 for sub-
Ohmic and super-Ohmic classes of spectral distributions.
In the following, we will focus on the high-temperature
regime, namely the case in which the classical thermal en-
ergy is much larger than the typical quantum exchange
energy units: kBT  ~ωc, ~ω0. In this regime, non-
Gaussian corrections to the system-bath dynamics can
be neglected, and the average number of excitations is
essentially linear in the temperature (see Appendix A),
so that the dynamics is exactly solvable. Since in the
high-temperature regime the three spectral settings yield
qualitatively equivalent results, in the following we will
report exclusively on the Ohmic case.
IV. NON-MARKOVIANITY OF GAUSSIAN
CHANNELS: FINITE-TIME AND ASYMPTOTIC
REGIMES
In this Section we study the non-Markovianity of the
channels reviewed in Section III, both for the exact and
the approximate dynamics. We will show that the stan-
dard approximations lead to an incorrect assessment of
the non-Markovianity of Gaussian channels and fail to
detect it in the asymptotic regime.
40 2 4 6 8 10
0.0
0.2
0.4
0.6
0.8
1.0
τ
 pQBM
x =0.1
x =0.3
x =0.5
0 10 20 30 40 50
0.0
0.2
0.4
0.6
0.8
1.0
FIG. 1. (color online) Punctual non-Markovianity Eq. (15)
for the QBM channel under the exact dynamics Eq. (9), for a
non-Markovianity parameter x = 0.1 (black full line), x = 0.3
(blue dashed line), and x = 0.5 (red dotted line), as a function
of the dimensionless time τ = ωct, in the high-temperature
regime kBT~ωc = 100, so that x & 0.1 (see Appendix A). The be-
haviour of NQBMp in the asymptotic regime is reported in the
inset. Asymptotically, the punctual non-Markovianity tends
to a constant whose numerical value is determined by the
strength of the x parameter. All plotted quantities are di-
mensionless.
A. Non-Markovianity of the QBM channel
The 2N × 2N matrices (X,Y ) that characterize the
exact evolution Eq. (9) are (see Appendix A):
X(t) = e−
Γ(t)
2 R(t) ,
Y (t) = 2W¯ (t) , (13)
where Γ(t) is defined in terms of the damping coeffi-
cient as Γ(t) = 2
∫ t
0
γ(s)ds, R(t) is the rotation matrix
Eq. (A7), and W¯ (t) is given in Eq. (A5).
The eigenvalues λ± of the Z(t+, t) matrix Eq. (3) are
obtained from Eqs. (13) through the matrices Eqs. (4)
and (5). The details are given in Appendix B. One has:
λ±(t) = ∆(t)±
√
∆(t)2 + γ(t)2 + Π(t)2 . (14)
Provided that the direct diffusion coefficient ∆(t) is
non negative at all times, the eigenvalue λ+(t) is always
positive. On the other hand, the eigenvalue λ−(t) is cer-
tainly negative, and thus the time evolution is certainly
non-Markovian, provided that either the damping coeffi-
cient γ(t) or the anomalous diffusion coefficient Π(t), or
both, are nonvanishing. In fact, by evaluating the ex-
plicit expressions of the master equation coefficients in
the exact master equation for the QBM, one finds that
λ−(t) is negative at all times [24].
It is useful to express all quantities in terms of the di-
mensionless time τ = ωct and the non-Markovianity pa-
rameter, namely the ratio x = τR/τE = ωc/ω0 between
the correlation time scale τE of the environment and the
relaxation time scale τR, that corresponds to the rate of
the system state change due to the system-environment
interaction [22, 24]. Through Eqs. (7) and (8), the punc-
tual non-Markovianity Eq. (6) for the exact dynamics of
the QBM channel, Eq. (9), reads:
NQBMp (τ, x)=
1
2
[
1− ∆(τ, x)√
∆(τ, x)2 + γ(τ, x)2 + Π(τ, x)2
]
.
(15)
The behaviour of the punctual non-Markovianity,
Eq. (15), as a function of τ for the Ohmic case and for
different values of the x parameter is reported in Fig. 1.
Its behaviour in the asymptotic time regime is reported
in the inset. The Markovian regime is recovered in the
limit x→∞: in this limit the diffusion coefficient ∆(τ, x)
diverges at all times [22] and NQBMp (τ)→ 0 at all times.
In order to analyze the behavior of Eq. (15) in the long-
time regime τ  1, we consider the explicit asymptotic
limit τ → ∞ of Eq. (15) for which the expressions of
the master-equation coefficients take a simpler form (see
Appendix A for details). Through Eq.s (A10), (A11),
and (A12) we have:
NQBMp,asymp(x) .= lim
τ→∞N
QBM
p (τ, x) =
1
2
+
− kBTpix
~ωc
√
4k2BT
2x2
~2ω2c
[(
Ei
(
1
x
)−e2/xEi (− 1x))2 + pi2]+ pi2
.
(16)
Here Ei (x) is the exponential integral function [25]. From
Eq. (16) it follows that NQBMp,asymp(x) > 0 for every finite
value of the x parameter. The behaviour of the punctual
non-Markovianity in the long-time regime is reported in
the inset of Fig. 1.
We now consider a different measure, the inte-
grated one, that quantifies the total amount of non-
Markovianity along the entire dynamical evolution. For
any time interval I ⊆ [0,∞) it is defined as:
Nint(x) .=
∫
I
Np(τ, x)dτ∫
I
f [Np(τ, x)]dτ , (17)
where the function f(y) is defined as:
f(y)
.
=
{
0 if y = 0 ,
1 otherwise .
(18)
The denominator of Eq. (17) represents the sum of the
lengths of the intervals in which the evolution is punctu-
ally non-Markovian.
It is important to observe that, for the QBM channel,
the punctual non-Markovianity coincides, in the asymp-
totic limit, with the integrated one. Indeed, for the entire
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FIG. 2. (color online) Punctual non-Markovianity Eq. (21) for
the QBM channel within the RWA approximation to the dy-
namics, Eq. (10), for a non-Markovianity parameter x = 0.1
(full black line) and x = 0.3 (blue dashed line), as a function
of the dimensionless time τ = ωct, in the high-temperature
regime kBT~ωc = 100, so that x & 0.1 (see Appendix A). At
variance with the exact dynamics, in the RWA approxima-
tion there are finitely many finite time intervals in which the
channel is Markovian at any finite x. Furthermore, within the
RWA, the QBM channel is always Markovian in the asymp-
totic regime. As shown in the inset, NQBMp,RWA vanishes iden-
tically at sufficiently large times. All plotted quantities are
dimensionless.
dynamics, we have:
NQBMint (x) .=
∫∞
0
NQBMp (τ, x)dτ∫∞
0
f [NQBMp (τ, x)]dτ
=
lim
a→∞
∫ a
0
NQBMp (τ, x)dτ∫ a
0
f [NQBMp (τ, x)]dτ
=
NQBMp,asymp(x)
f [NQBMp,asymp(x)]
= NQBMp,asymp(x) , (19)
where we have applied the De L’Hoˆpital rule and the fact
that f [NQBMp,as (x)] = 1. As a consequence, the measure
of asymptotic non-Markovianity is uniquely defined as
follows:
NQBMp,asymp(x) = NQBMint (x) .= NQBMasymp(x) . (20)
B. Non-Markovianity of the QBM channel within
the RWA approximation
Finally, we want to asses whether and how the use of
the RWA approximation affects the correct evaluation of
the non-Markovianity. Starting from the approximated
form of the (X,Y ) matrices Eqs. (13) that describe the
evolution [16, 24], it is straightforward to obtain the fol-
lowing expression for the punctual non-Markovianity in
the RWA approximation:
NQBMp,RWA(τ, x)=
1
2
[
1− 2∆(τ,x)|∆(τ,x)+γ(τ,x)|+ |∆(τ,x)−γ(τ,x)|
]
,
(21)
In the high-temperature regime, the condition ∆(τ, x)
γ(τ, x) is certainly satisfied. Consequently, the value of
the punctual non-Markovianity, Eq. (21), depends es-
sentially on the sign of the diffusion coefficient ∆(τ, x).
This is reflected in the binary structure of the punctual
non-Markovianity as a function of time, as reported in
Fig. 2. Indeed, from the explicit expression, Eq. (21),
and from the spectral densities considered, one veri-
fies directly that there exist finitely many finite inter-
vals of time for which ∆(τ, x) > 0. In these intervals
NQBMp,RWA(τ, x) = 0, and the channel is Markovian. Fur-
thermore, since limτ→∞∆(τ, x) is a positive constant,
NQBMp,RWA vanishes identically in the asymptotic regime, as
illustrated in the inset of Fig. 2.
C. Non-Markovianity of the PD channel
Turning to the PD channel, Eq. (11), the non-
Markovianity features a behaviour qualitatively similar
to that of the QBM channel in the RWA. Indeed, start-
ing from the corresponding approximated form of the
(X,Y ) matrices Eqs. (13) [16, 24], the punctual non-
Markovianity of the PD channel takes the very simple
form:
NPDp (τ, x)=
1
2
[
1− γ(τ, x)|γ(τ, x)|
]
. (22)
From Eq. (22) we see that the channel dynamics is non-
Markovian if and only if the damping coefficient γ(τ, x)
is negative. Indeed, for the classes of spectral densities
considered, there always exist intervals of time in which
the damping coefficient is positive and the dynamics is
thus Markovian. Moreover, in the asymptotic regime
γ(τ, x) tends to a constant positive value, and the non-
Markovianity vanishes identically.
V. CONCLUSIONS AND OUTLOOK
In the present work, by exploiting a necessary and suf-
ficient criterion of non-Markovianity based on the viola-
tion of the divisibility of the dynamical map, we have
shown that the exact dynamics of Gaussian quantum
channels can be non-Markovian at all times t ∈ (0,∞), as
illustrated in the paradigmatic case of the QBM channel.
Moreover, we have verified that the approximations usu-
ally considered in describing the system dynamics, such
as the RWA, fail in general to preserve and assess cor-
rectly the non-Markovian character of the time evolution
both in the finite-time and asymptotic regimes. A nonva-
nishing non-Markovianity in the asymptotic regime leads
6TABLE I. Comparison between different non-Markovianity quantifiers for the QBM channel in the finite and asymptotic time
regimes.
Non-Markovianity quantifier Finite-time regime Asymptotic regime
There may exist intervals of time
State-based witness for which the dynamics There is no residual non-Markovianity
is Markovian
The exact dynamics (no RWA) The asymptotic non-Markovianity
Channel-based measure is non-Markovian at any finite time is non vanishing for any
for any finite x finite x
to some profound consequences: although at very large
times the state of the system does not depend anymore
on the initial input state, the asymptotic output still de-
pends on the bath configurations via the time scales that
rule the open system dynamics being considered.
In assessing the non-Markovianity, it is interesting to
compare the approach followed in the present work with
the approach based on the distinguishability between
states evolving in the channel [9, 26]. Indeed, since in a
Markovian channel the destructive effect of the system-
environment interaction makes two different input states
less distinguishable, the memory effects of the dynam-
ics can then be checked through an increasing of their
distinguishability (information backflow from the envi-
ronment to the system). This approach was introduced
in Ref. [26] for the finite-dimensional case, and subse-
quently extended to the CV setting in Ref. [16]. If we re-
sort to a distance measure between quantum states that
has the property to be contractive under trace-preserving
and completely positive maps, one can introduce in anal-
ogy with Eq. (6) the following distance-based quantifier
of punctual non-Markovianity:
NDp (t) ≡ max{0, min
ρ1,ρ2
d
dt
D[ρ1(t), ρ2(t)]} , (23)
where the minimization must be taken over the entire set
of all possible input states. When the channel is Marko-
vian, the time-derivative is negative (the states become
less distinguishable) and the non-Markovianity vanishes
identically. It is known that this approach leads only to
a sufficient condition for a quantum channel to be non-
Markovian, and the quantifier Eq. (23) is thus, strictly
speaking, not a measure of non-Markovianity, but rather
a non-Markovianity witness [8]. In passing, we remark
that, at variance with the geometric, distance-based ap-
proach, the approach based on the violation of the divis-
ibility does not require a complex maximization proce-
dure, and is thus computationally efficient.
In the following we discuss how, in the asymptotic
regime, the quantifier Eq. (23) fails to detect the asymp-
totic non-Markovianity of the QBM dynamics. Resort-
ing to the characteristic function representation of the
input states Eq. (1), its evolution in the QBM channel is
given by Eq. (A4). In the asymptotic limit, the damping
coefficient Eq. (A10) assumes a constant positive value
and therefore limt→∞ Γ(t) = 2 limt→∞
∫ t
0
γ(s)ds = ∞.
Moreover, since χ0(0) = 1, where 0 = (0, 0)
ᵀ is the null
vector [27], it is straightforward to show from Eq. (A4)
that, for every initial input state:
χasymp(Λ) ≡ lim
t→∞χt(Λ) = e
−ΛᵀW¯asympΛ , (24)
where W¯asymp is the asymptotic value of the W¯ (t) ma-
trix, Eq. (A5). Hence, the asymptotic state is always the
same state, irrespective of the choice of the initial input
state. As a consequence, in the asymptotic regime, the
time-derivative in Eq. (23) is negative and NDp,asymp = 0.
In conclusion, the non-Markovianity properties of a
Gaussian channel in the asymptotic regime can be as-
sessed correctly only resorting to measures directly rely-
ing on the channel structure, as in the case of the non-
Markovianity measure based on the violation of the di-
visibility of the dynamical map.
In the distance-based approach to the quantification of
non-Markovianity, the intuitive interpretation in terms
of information flux from the environment back to the
system is highlighted by the ”re-coherence” effect, repre-
sented by an increased distinguishability between states.
The authors in Ref. [28] show, for a particular channel,
that this information flux can be connected to an increase
in the quantum correlations, and that the violation of the
divisibility property of the dynamical map does not cor-
respond to this increase. It therefore represents only a
necessary condition to obtain a backflow of information.
On the other hand, that the approach based on the vio-
lation of the divisibility property of the dynamical map in
fact highlights different aspects of the non-Markovianity
appears clearly from the work reported in Ref. [12]. In
that paper, it is shown that the memory of the evolu-
tion based on the violation of the divisibility of the dy-
namical map allows to reconstruct the spectral density
of the bath, and that this information is not recover-
able resorting to the distance-based approach, as high-
lighted by Eq. (24). The comparison between the two
approaches is summarized in Tab. I. The two approaches
are clearly complementary. State-based quantifiers are
only witnesses and require a complex optimization on
7the class of input states. Channel-based quantifiers are
proper measures and are computationally efficient. On
the other hand, given that it is in general very hard to
solve exactly the complete dynamics of an open quan-
tum system, state-based witnesses can still be useful and
more relevant any time one needs to resort to approxi-
mate forms of the dynamical evolution. In such instances
one would need to use and compare carefully both ap-
proaches in order to extract useful information.
More generically, characterizing and quantifying the
non-Markovianity of quantum channels via the violation
of the divisibility property of the dynamical map relates
this dynamical feature to an intrinsic property of the evo-
lution that is not directly related to the dynamics of the
system-environment quantum correlations of the states
evolving in the channel.
Such an intrinsic characterization of non-Markovianity
might thus lead to the identification of resources for quan-
tum technologies that are ”channel-based” rather than
”state-based”. It would thus be interesting to assess
the relevance of the non-Markovianity quantification pro-
vided by Eq. (6) in the context of quantum information
processing.
In particular, it would be worth investigating whether
and how the non-Markovianity of Gaussian channels
might be exploited to improve the performance of CV
quantum information protocols. Indeed, work is in
progress along these directions in order to verify the pos-
sibility of improved, non-Markovianity assisted CV quan-
tum teleportation protocols in realistic conditions, ex-
ploiting the exact results obtained in the present paper
on the dynamics of the QBM channel [29].
Appendix A: Quantum Brownian Motion channel
In this Section we give a brief review of the exact mas-
ter equation for the QBM channel, Eq. (9), and of its
solutions. The full details are reported in Refs. [21–23].
Quantum Brownian motion describes the evolution of
a quantum mechanical oscillator, characterized by a fre-
quency ω0, in contact with a bath of harmonic oscillators
via a position-position coupling. We focus on the partic-
ular case of factorized initial conditions. We recall that
the system evolution is described by the master equation
Eq. (9):
dρ
dt
=− i
~
[H0, ρ(t)]−∆(t)[xˆ, [xˆ, ρ(t)]]+
+ Π(t)[xˆ, [pˆ, ρ(t)]]− iγ(t)[xˆ, {pˆ, ρ(t)}] ,
where H0 is the free Hamiltonian of the system, ∆(t)
and Π(t) are, respectively, the normal and anomalous
diffusion coefficients, γ(t) is the damping coefficient, and
xˆ and pˆ are the quadrature operators.
The coefficients read [23]:
γ(t)=α2
∫ t
0
ds
∫ +∞
0
dωJ(ω) sin(ωs) sin(ω0s), (A1)
∆(t)=α2
∫ t
0
ds
∫ +∞
0
dωJ(ω)(2N(ω) + 1) cos(ωs) cos(ω0s),
(A2)
Π(t)=α2
∫ t
0
ds
∫ +∞
0
dωJ(ω)(2N(ω) + 1) cos(ωs) sin(ω0s),
(A3)
where α is the oscillator-bath coupling constant, N(ω) =
[exp(~ω/kBT ) − 1]−1 is the mean number of photons,
J(ω) is the spectral density, that models the system-
environment interaction, and ωc is the cut-off frequency
of the environment.
In the hight-temperature regime, the classical thermal
energy is much larger than the typical ones that char-
acterize the system evolution (kBT  ~ωc, ~ω0). Under
this condition we can set 2N(ω)+1 ≈ 2kBT~ω in Eqs. (A1)–
(A3); consequently it is possible to obtain an explicit ex-
pression of the master equation coefficients [24]. We note
that this condition imposes the constraint x & 0.1 on the
non-Markovianity parameter x = ωcω0 [24].
In the following, we resort to the phase space formula-
tion of quantum mechanics. In the characteristic function
description, the solution of the master equation Eq. (9)
is [22, 23]:
χ(Λ, t) = χ(e−
Γ(t)
2 R−1(t)Λ, 0)e−Λ
ᵀW¯ (t)Λ, (A4)
where:
W¯ (t)=[R−1(t)]
[ᵀ
e−Γ(t)
∫ t
0
dseΓ(s)Rᵀ(s)M(s)R(s)
]
R−1(t),
(A5)
M(s)=
(
∆(s) −Π(s)/2
−Π(s)/2 0
)
, (A6)
R(t) =
(
cos(ω0t) sin(ω0t)
− sin(ω0t) cos(ω0t)
)
, (A7)
with:
Γ(t) = 2
∫ t
0
γ(s)ds . (A8)
The Gaussian nature of the evolution is manifestly ev-
ident from Eq. (A4): a Gaussian initial characteristic
function maintains its Gaussian character during the en-
tire dynamics.
We can now derive the 2×2 (X,Y ) matrices that char-
acterize the QBM channel. Considering the case of a
generic Gaussian input state, by Eq. (A4) we find the
corresponding transformation on its covariance matrix:
σ(t) =
[
e−
Γ(t)
2 R−1(t)
]ᵀ
σ(0)
[
e−
Γ(t)
2 R−1(t)
]
+ 2W¯ (t),
(A9)
where R(t) is the rotation matrix Eq. (A7) and W¯ (t)
is defined in Eq. (A5), with Γ(t) expressed by Eq. (A8).
From Eq. (A9) and Eq. (2) it is straightforward to obtain
Eqs. (13).
8Finally, we report the expression of the master equa-
tions coefficients Eq.s (A1) to (A3) in the asymptotic
regime t→∞.
For an Ohmic spectral density (s = 1 in Eq. (12)) and
in the high-temperature regime, they read:
γas(T ) =
1
2
piα2ω0e
− 1x , (A10)
∆as(T ) =
piα2kBT
~
e−
1
x , (A11)
Πas(T ) =
2α2kBT
~
[
Shi
(
1
x
)
cosh
(
1
x
)
+
−Chi
(
1
x
)
sinh
(
1
x
)]
, (A12)
where Shi(x) and Chi(x) are respectively the hyperbolic
sine integral and hyperbolic cosine integral functions [25],
and kB is the Boltzmann constant.
Appendix B: Calculation of the eigenvalues of the
Z(t+ , t) matrix Eq. (3) for the QBM channel
In this Section we present the details of the calculation
of the eigenvalues, Eq.s (14), of the Z(t + , t) matrix,
Eq. (3), for the QBM channel.
We start from the explicit expression of the (X,Y )
matrices. From Eqs. (4), (5), and (13) we have:
X(t+ , t) = e−
Γ(t+,t)
2 R() (B1)
Y (t+ , t) = 2W¯ (t+ )− e−Γ(t+,t)2 R()W¯ (t)Rᵀ(),
(B2)
where R and W¯ are respectively the matrices Eq. (A7)
and Eq. (A5), and where we have defined Γ(t + , t) =
2
∫ t+
t
γ(s)ds.
We can now obtain the expression of the Z ma-
trix, Eq. (3), whose eigenvalues characterize the non-
Markovian property of the dynamics.
From Eq.s (3), (B1), and (B2), we obtain:
Z(t+ , t) = 2W¯ (t+ )− 2e−Γ(t+,t)R()W¯ (t)Rᵀ()− i
2
Ω
[
1− e−Γ(t+,t)
]
. (B3)
Due to the condition   1 we can expand in series Eq. (B3) up to the first order in . We note that:
2W¯ (t+ ) ≈ 2W¯ (t) + [2∆(t)J00 −Π(t)J2] − 4γ(t)W¯ (t)+ 2ω0 [ΩW¯ (t)− W¯ (t)Ω]  (B4)
− 2e−Γ(t+,t)R()W¯ (r)Rᵀ() ≈ −2W¯ (t)− 2ω0
[
ΩW¯ (t)− W¯ (t)Ω] + 4γ(t)W¯ (t) (B5)
− i
2
Ω
[
1− e−Γ(t+,t)
]
≈ −iΩγ(t), (B6)
where J00 and J2 are, respectively, the single-entry ma-
trix and the exchange matrix:
J00 =
(
1 0
0 0
)
, (B7)
J2 =
(
0 1
1 0
)
. (B8)
From Eq.s (B4), (B5), and (B6), Eq. (B3) reduces to:
Z(t+ , t) ≈ [2∆(t)J00 −Π(t)J2 − iΩγ(t)] . (B9)
The matrix Eq. (B9) represents the intermediate evolu-
tion of the system. Its eigenvalues are given by Eq. (14).
[1] N. Lambert, Y.-N. Chen, Y.-C. Cheng, C.-M. Li, G.-Y.
Chen, and F. Nori, Nat. Phys. 9, 10 (2013).
[2] M. Thorwart, J. Eckel, J. Reina, P. Nalbach, and
9S. Weiss, Chem. Phys. Lett. 478, 234 (2009).
[3] S. F. Huelga and M. B. Plenio, Contemp. Phys. 54, 181
(2013).
[4] R. Vasile, S. Olivares, M. A. Paris, and S. Maniscalco,
Phys. Rev. A 83, 042321 (2011).
[5] A. W. Chin, S. F. Huelga, and M. B. Plenio, Phys. Rev.
Lett. 109, 233601 (2012).
[6] B. Hwang and H.-S. Goan, Phys. Rev. A 85, 032321
(2012).
[7] G. He, J. Zhang, J. Zhu, and G. Zeng, Phys. Rev. A 84,
034305 (2011).
[8] A. Rivas, S. F. Huelga, and M. B. Plenio, Rep. Progr.
Phys. 77, 094001 (2014).
[9] H.-P. Breuer, E.-M. Laine, J. Piilo, and B. Vacchini,
Rev. Mod. Phys. 88, 021002 (2016).
[10] G. Torre, W. Roga, and F. Illuminati, Phys. Rev. Lett.
115, 070401 (2015).
[11] P. Liuzzo-Scorpo, W. Roga, L. A. M. Souza, N. K.
Bernardes, and G. Adesso, Phys. Rev. Lett. 118, 050401
(2017).
[12] S. Groblacher, A. Trubarov, N. Prigge, G. D. Cole,
M. Aspelmeyer, and J. Eisert, Nat. Commun. 6, 7606
(2015).
[13] L. A. M. Souza, H. S. Dhar, M. N. Bera, P. Liuzzo-
Scorpo, and G. Adesso, Phys. Rev. A 92, 052122 (2015).
[14] J. Eisert and M. M. Wolf, Quantum Information with
Continuous Variables of Atoms and Light, edited by N. J.
Cerf, G. Leuchs, and E. S. Polzik, pages 23-42 (World
Scientific, 2007).
[15] H. Ma¨kela¨ and M. Mo¨tto¨nen, Phys. Rev. A 88, 052111
(2013).
[16] R. Vasile, S. Maniscalco, M. G. A. Paris, H.-P. Breuer,
and J. Piilo, Phys. Rev. A 84, 052118 (2011).
[17] C. Weedbrook, S. Pirandola, R. Garc´ıa-Patro´n, N. J.
Cerf, T. C. Ralph, J. H. Shapiro, and S. Lloyd, Rev.
Mod. Phys. 84, 621 (2012).
[18] G. Adesso and F. Illuminati, J. Phys. A: Math. Theor.
40, 7821 (2007).
[19] A.Ferraro, S. Olivares, and M. G. A. Paris, Gaussian
States in Quantum Information (BIBLIOPOLIS, Naples,
2005).
[20] A. Rivas, S. F. Huelga, and M. B. Plenio, Phys. Rev.
Lett. 105, 050403 (2010).
[21] B. L. Hu, J. P. Paz, and Y. Zhang, Phys. Rev. D 45,
2843 (1992).
[22] S. Maniscalco, J. Piilo, F. Intravaia, F. Petruccione, and
A. Messina, Phys. Rev. A 70, 032113 (2004).
[23] F. Intravaia, S. Maniscalco, and A. Messina, Phys. Rev.
A 67, 042108 (2003).
[24] R. Vasile, S. Olivares, M. G. A. Paris, and S. Maniscalco,
Phys. Rev. A 80, 062324 (2009).
[25] Y. L. Luke, The Special Functions and Their Approxima-
tions, Volume I (New York: Academic Press, 1969).
[26] H.-P. Breuer, E.-M. Laine, and J. Piilo, Phys. Rev. Lett.
103, 210401 (2009).
[27] S. M. Barnett and P. M. Radmore, Methods in Theoreti-
cal Quantum Optics, Oxford Series in Optical and Imag-
ing Sciences (Oxford University Press, 1997).
[28] J. Trapani and M. G. A. Paris, Phys. Rev. A 93, 042119
(2016).
[29] G. Torre and F. Illuminati, arXiv:1805.03617 (2018).
